A diagrammatic approach based on thermal Green function to superconducting fluctuation transport is reviewed focusing on Hall and Nernst effects. The treatment of weak magnetic field is carefully discussed within the linear order perturbation.
Introduction
This Note is the second part of the series 1 and I expect that you have already read the first one [I] . In this second Note I shall discuss the effect of the magnetic field perturbationally in the weak field limit. The finite magnetic field shall be discussed non-perturbationally in the third Note. The symbols that have appeared in [I] are used here without explanations. Since the introduction to the series has been given in [I] , let us start at once.
Boltzmann Transport: Relaxation-Time Approximation
In the relaxation-time approximation of the Boltzmann transport 2 the expectation value of the charge current J e and the heat current J Q in the linear order of the uniform electric field E and the uniform magnetic field H are given as
and
where both E and H are static. These describe the currents in Hall and Nernst effects. Although formally exact results have been obtained, 4 I shall only discuss the results within the relaxation-time approximation in the following. 2 The Boltzmann transport is formulated in terms of E and H so that it is gaugeinvariant. See footnote 12 in [I] .
3 See (44) and (45) in [I] . 4 The exact formula for J e via the Boltzmann equation is given by Kotliar, Sengupta and Varma: Phys. Rev. B 53, 3573 (1996) as has been discussed in §6 of [I] and it is also derived from the Fermi-liquid theory in [KY] .
The exact formula for J Q via the Boltzmann equation is given by Pikulin, Hou and Beenakker: Phys. Rev. B 84, 035133 (2011) and it is also derived from the Fermi-liquid theory in [Kon] .
In the Fermi-liquid theory the effect of scatterings beyond the relaxation-time approximation is taken into account as the vertex correction.
[KY] ≡ Kohno and Yamada: Prog. Theor. Phys. 80, 623 (1988).
[Kon] ≡ Kontani: Phys. Rev. B 67, 014408 (2003).
3 Quasi-particle Transport: Relaxation-Time Approximation
We consider the linear response to electric field in the presence of magnetic field. The effect of the magnetic field is treated perturbationally in the weakfield limit.
The expectation value of the charge current J e is expressed as the linear response to electric field
where the electric field E is uniform 5 and the k-dependence 6 comes from the vector potential A(x) introduced as
with a constant vector A. The magnetic field H in the limit of k → 0 is expressed as
The conductivity tensor is given by the Kubo formula 7 (linear response theory)
where
Here J H is the charge current in the presence of the magnetic field and its Fourier component is given by
H µ (k; τ ) represents the magnetic-field dependence of the observed current.
The (imaginary) time-dependence is introduced by
where the coupling to the magnetic field
is added to K in (1) of [I] . By the coupling to the vector potential the momentum of the electron increases by k as seen from (9). Thus the coupling leads to the electron propagator off-diagonal in the momentum.
In the following we focus on the case of nearly free electrons where the electron propagator in the absence of magnetic field is given by
9 It should be noted that each term in j e (q) is proportional to the summation of incoming and outgoing velocities v p + v p+q .
10 The uniform electric field E is expressed by the uniform vector potential A 0 as E = iωA 0 where we have put φ = 0 with φ being the scalar potential. The current j H (k = 0) couples to A 0 .
11 It is sufficient to consider the coupling
for the discussion of the observed current linear in A.
Here τ is the life-time due to quasi-elastic scatterings. 
is factorized as
within the linear order of A (See (16)). Since
Introducing the Fourier transforms
we obtain the contributions in Figs. 1-(a) and (b)
case (iv) is not considered here, because it is the second order contribution in A.
is the Fourier transform of the offdiagonal propagator in momentum variable
and evaluated by
which 14 is the first order perturbation in terms of (12) in the limit of k → 0. In order to obtain the conductivity proportional to the magnetic field defined in (5), which is linear in both A and k, we have to extract the k-linear contribution from the processes shown in Figs 
I prefer the textbook, Lifshitz and Pitaevskii: Statistical Physics Part 2 (Pergaman Press, Oxford, 1980), because such a faithful description is given concisely. 14 The same relation is obtained via the gauge transformation, p → p − eA. For example, in the case of free electron propagator
15 In the case of free electrons the k-linear contribution of the free propagator is easily extracted as
16 In this footnote we use diagonal propagators which appear in the right-hand side of (16). From j e ν (0) vertex we obtain the contribution as
, which are extracted from the processes shown in Fig. 1-(a), (b) , (c). Since j e x (k) leads to the factor (e/m)p x , j e y (0) to (e/2m)k y , and
where 17 the product of the fermion-loop factor and the spin-degeneracy factor, 18 -2, has been included. Since j e y (0) leads to the factor 19 −(e/2m)k y ,
Since ρ(−k) leads to the factor −(e 2 /m)A y , and
which leads to a k-linear contribution
From j e µ (k) vertex we obtain
which reduces to a k-independent contribution
in the limit of k → 0. See the footnote for the current-current correlation function in (7). 17 The integrand is proportional to (p x A x + p y A y + p z A z )·p x but the terms proportional to A y and A z are odd in p x and vanish by the integration over p x . In the same manner the integrand in (19) is proportional to (p x k x + p y k y + p z k z ) · p x but the terms proportional to k y and k z vanish.
18 Throughout the series of three Notes the Zeeman splitting is neglected so that the spin degrees of freedom only appears as the degeneracy factor 2.
19 This factor is already proportional to k y so that we can put k = 0 for all the propagators in the diagrams (a) and (b), because we only need the contribution linear in k y .
Thus we obtain
If we set H = (0, 0, H) so that 
The upper black circle is J x and the lower black circle is (∂J y /∂p y )k y /2. (right) The solid line in downward direction is −G(p, iε n ). The upward process is the product
The upper black circle is J x and the lower black circle is −(∂J y /∂p y )k y /2. Here J x ≡ (e/m)p x and ∂J y /∂p y ≡ e/m.
If we choose the gauge A = (A x , 0, 0), we do not have to consider the contribution Φ (c) of the diamagnetic current. Such a choice make the calculation simpler.
21 The relevant processes leading to H-linear contribution are summarized in Fig. 2 . The expressions (17) and (18) are rewritten as
where J µ ≡ (e/m)p µ and G(iε n ) ≡ G(p, iε n ). In this case (21) is rewritten as
where the fermion-loop factor and the spin-degeneracy factor are moved to the left-hand side. Here H = −ik y A x . In the following I adopt a shortcut 22 calculation along [FEW] for
b with a and b being positive integers, because the calculation along §11 of [I] is cumbersome. By repeating the transformation which leads to (159) in [I] 22 Using the shortcut formula (27) the summation (156) in [I] is evaluated as
and (167) as
The integral
by the residue readily leads to (165) and (171) in [I] .
and neglecting 23 the contributions from C 1 and C 4 we obtain
where the first integrand is the contribution along C 2 and the second along C 3 . The contours of the integral, C 1 , C 2 , C 3 and C 4 , are defined in Fig. 5 of [I] . To calculate the DC conductivity we only need the ω-linear contribution
where we have employed the integration by parts. By the same approximation leading to (164) in [I], the application of (27) to (21) results in
which is the analytic continuation of the thermal propagator (13). The integral over ǫ is performed by evaluating the residue 24 so that we finally obtain
23 Here we employ the propagator (29) and the location of its pole is explicitly known. The integral on C 1 with G R only vanishes by choosing a closed contour in which there is no pole. The integral on C 4 with G A only also vanishes. On the other hand, the integrals on C 2 and C 3 , which contain a pair of G R · G A at least, are determined by the pole of either
which coincides with the result of the Boltzmann transport (1) taking into account that H = (0, 0, H) and E = (0, E, 0). The expectation value of the heat current J Q is expressed as the linear response to electric field
As has been discussed in the above, in order to extract the contribution proportional to H, we only need 25 the heat current j Q µ (k) in the absence of the magnetic field so that only the difference between Φ e µν (k, iω λ ) and Φ Q µν (k, iω λ ) is the factor 26 (iε n + iω λ /2)/e as in the case of §11 in [I] . By repeating the above shortcut calculation for
we obtain
(34) The ω-linear contribution becomes
by the integration by parts. Thus the k-linear part Φ
25 We only need the charge current j e µ (k) in the absence of the magnetic field to obtain Φ e µν (k, ω + iδ) proportional to H. 26 It should be noted that the factor is proportional to the summation of incoming and outgoing frequencies ε n + (ε n + ω λ ).
where we have pulled out the factor −(∂f (ǫ)/∂ǫ) · ǫ from the integral over ǫ as in the case of §11 in [I]. Finally we obtain 27 α xy ≡ lim
which coincides with the result of the Boltzmann transport (2).
GL Transport
The linearized GL transport theory gives
where h ≡ 2|e|Hξ 
Cooper-Pair Transport: AL Process
The calculations for electrons in §3 are translated into those for Cooper pairs 30 straightforwardly. 31 The contribution of the left diagram in Fig. 3 is
which corresponds to (22) and that of the right diagram is
which corresponds to (23) where∆
This result is rewritten as 
in 3D. Namely, the current vertex for Ψ is J 
Here τ 0 is complex, 32 τ 0 ≡ τ 1 + iτ 2 , and τ 1 ≫ |τ 2 |. The ω-linear contribution is evaluated as
32 The origin of τ 2 is discussed in the footnote 47 of [I] . The perturbational derivation of τ 2 shall be discussed in the Supplement noticed in the footnote 63 of [I] .
where ImR = (R − A)/2i and ImR 2 = (R + A)(R − A)/2i. Employing the high-temperature expansion, 33 n(x) T /x,
with
Here we have picked up
in the integrand, because ImL R (x)/x is proportional to the Lorentz function in x and basic quantity. Using
The integral is evaluated by the residue 36 so that
33 The statement between (210) and (211) in [I] is insufficient. The cut-off frequency ω c of the fluctuation propagator, (35) in [I] , is determined by the condition ǫ = ω c τ 0 . Since τ 0 = π/8T , ω c /T = 8ǫ/π so that we can use the high-temperature expansion for the integrand with x < ω c in the limit of ǫ → 0.
34 ImL R (x) = (R − A)/2i. 35 We have used
This is derived by the integration by parts noting that
and this leads to
In 2D the q-summation is performed as
Finally we obtain (38) by using τ 1 = π/8T . Only the difference between Φ e µν (k, iω λ ) and Φ Q µν (k, iω λ ) is the factor (iω m + iω λ /2)/2e as has been discussed in §3 so that we readily obtain
(59) Analytical continuation of this discrete summation becomes 
In 2D the q-summation is performed as 
39 If we put R ≡ u(x) + iv(x) and A ≡ u(x) − iv(x), u(x) is even: u(−x) = u(x) and v(x) is odd: v(−x) = −v(x) in x. Namely R + A is even and R − A is odd. Therefore the integrand (R + A)(R − A) 3 is odd so that the integral in (63) vanishes. • The thermodynamic relation in p. 11 should be dQ = dU − µdN.
• The electric field in (68) and (78) should be E ν (k = 0, ω).
• The factor e in the first line of (73) should be e/m.
• In Fig. 5 the subscript λ for the lower cut C λ has dropped by the font-error at arXiv.
• In the footnote 47 the first term in the right-hand side of the complex GL equation should be (1 + ic 0 )Ψ.
